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Abstract
In this work, we construct a transformation between the solutions to the following
reaction-convection-diffusion equation
∂tu = (u
m)xx + a(x)(u
m)x + b(x)u
m,
posed for x ∈ R, t ≥ 0 and m > 1, where a, b are two continuous real functions, and the
solutions to the nonhomogeneous diffusion equation of porous medium type
f(y)∂τθ = (θ
m)yy,
posed in the half-line y ∈ [0,∞) with τ ≥ 0, m > 1 and suitable density functions
f(y). We apply this correspondence to the case of constant coefficients a(x) = 1 and
b(x) = K > 0. For this case, we prove that compactly supported solutions to the
first equation blow up in finite time, together with their interfaces, as x → −∞. We
then establish the large time behavior of solutions to a homogeneous Dirichlet problem
associated to the first equation on a bounded interval. We also prove a finite time
blow-up of the interfaces for compactly supported solutions to the second equation when
f(y) = y−γ with γ > 2.
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1 Introduction
The goal of this paper is to establish an explicit correspondence between two equations with
non-constant coefficients of different types, namely one involving diffusion, convection and
reaction terms and the other of nonhomogeneous nonlinear diffusion type. More precisely,
let us consider on the one hand the equation
ut = (u
m)xx + a(x)(u
m)x + b(x)u
m, (1.1)
posed for (x, t) ∈ R× (0, T ), with m > 1 and a(x), b(x) continuous real functions and where,
as usual, the subscript indicates derivative. This equation presents three different effects:
diffusion, convection and reaction, and the main interest in its study is related to how these
terms compete, whether blow-up in finite time occurs or not and, if it occurs, in which sets.
In the applications we consider the following interesting particular case of equation (1.1)
ut = (u
m)xx + (u
m)x +Ku
m, (1.2)
with K > 0.
On the other hand, let us consider the following nonhomogeneous equation of porous medium
type:
f(y)θτ = (θ
m)yy, (1.3)
posed for (y, τ) ∈ [0,∞)× (0, T ), with m > 1 and a suitable function f(y). Starting from the
series of papers by Kamin and Rosenau [13, 14, 15], where equations of the form (1.3) were
proposed as models for the thermal propagation by radiation in nonhomogeneous plasma,
an extensive study of equation (1.3) for suitable density functions f(y) has been developed
over the last three decades by researchers such as Eidus, Galaktionov, Kamin, Kersner, King,
Reyes, Tesei, Va´zquez et. al. and many interesting properties have been discovered. Most of
this development has been devoted to densities of the form
f(y) ∼ |y|−γ , as |y| → ∞, f(0) > 0, (1.4)
where qualitative properties and large time behavior of solutions has been understood both
for γ ∈ (0, 2) and for γ > 2, see for example [3, 21, 22, 12] and references therein. In
particular, it has been noticed that γ = 2 is a critical value that separates two different types
of behavior for equation (1.3). Thus, while for γ ∈ (0, 2) the dynamics of the equation is very
similar to that of the standard porous medium equation (that is, γ = 0), in the range γ > 2
the dynamics proves to be very different [12]. Special solutions of self-similar type no longer
exist for γ > 2 and explaining the large time behavior leads to more complex considerations.
In parallel to this study, the pure power densities
f(y) = |y|−γ , γ > 0, (1.5)
were also considered, as it had been noticed that the profiles for asymptotic behavior to
equation (1.3) with densities as in (1.4) come from special solutions to equation (1.3) with
densities as in (1.5). These densities are more complicated to study due to the singularity at
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the origin, and they were considered first in dimension one in [4, 3] to establish self-similar
solutions and to show the blow-up of interfaces in finite time, a result that will be very useful
in the sequel. Deeper analysis, including a thorough study of well posedness, is performed
in [17] and later for γ > 2 and general dimension N ≥ 3 in [12, Section 6]. More recently,
the critical exponent γ = 2 was considered and in [9, 10] the large time behavior to equation
(1.3) with f(y) = |y|−2 is established. We also mention here the paper [8] where a number
of mappings between solutions to equation (1.3) with f(y) as in (1.5) for different values
of γ have been obtained. Some of these correspondences will be very useful in the present
work. Finally, equation (1.3) with exponential density function f(y) = e−y was proposed in
[4] where a study of its self-similar solutions is performed and blow-up of the interfaces in
finite time for compactly supported data is proved.
Coming back to equation (1.2), much less is known. This equation is considered in [20],
where solutions in the form of traveling waves are constructed both for K < 0 and for K > 0,
with the form
u(x, t) = Φ(x− st), s > 0, lim
z→∞Φ(z) = 0, (1.6)
and these solutions are compactly supported to the right (have an interface) for K ∈ (0, 1/4).
equation (1.2) with K > 0 is also a particular case of a more general equation considered
by Suzuki in [25], where it is proved that the exponent m in the reaction term lies below
the Fujita-type exponent m + 2 and there are no nontrivial global solutions, that is, all the
solutions to equation (1.2) with K > 0 blow up in finite time. On the contrary, equation (1.2)
with K < 0 (that is, when we are dealing with an absorption effect instead of reaction) can
be easily mapped by a straightforward change of variable into the Fisher-KPP type equation
ut = (u
m)xx + a(u
m)x + u− um,
whose qualitative theory and large time behavior are known (see for example [23, 16]). This
is why we focus in the part of applications in our paper to the reaction range K > 0 and
show how and where finite time blow-up occurs.
Description of the results and structure of the paper. The core of the paper consists
in pointing out a new transformation mapping solutions to equation (1.1) (and in particular,
solutions to equation (1.2)) onto solutions to suitable nonhomogeneous equations of the
form (1.3) with suitable density functions f(y). This correspondence strongly generalizes
previously established mappings that were considered in works such as [18, 5, 23, 16, 2,
10] only for some particular cases of the two equations involved. The transformation is
constructed in Section 2. The rest of the paper is devoted to some applications of the
transformation with emphasis on the solutions to equation (1.2) for K > 0.
Our first and most interesting application is to study how finite time blow-up occurs for
solutions to (1.2) when the coefficient of the reaction term is 0 < K ≤ 1/4. We define the
blow-up time T of a generic solution u to equation (1.2) as the smallest time T ∈ (0,∞) such
that u(t) ∈ L∞(R) for any t ∈ (0, T ) but u(T ) 6∈ L∞(R). We prove in Section 3 that solutions
to (1.2) with 0 < K ≤ 1/4 and with compactly supported initial condition u0(x) = u(x, 0)
blow up in finite time in a rather special way: at their blow-up time T ∈ (0,∞), u(x, T )
remains bounded at any finite point x. However, they still blow up at t = T , but only on
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curves x(t) depending on t such that x(t) → −∞ as t → T . This phenomenon is known in
literature as blow-up at (space) infinity (in our case at −∞). It seems to have been considered
for the first time by Lacey [19], and some other cases where it has been established, either for
semilinear reaction-diffusion equations with rather large initial conditions or for quasilinear
reaction-diffusion equations with weighted reaction, can be found in [6, 7, 11]. The precise
statement, which includes more initial data than the compactly supported ones, is given as
Theorem 3.1 at the beginning of Section 3, and its proof is given in the Subsections 3.1 and
3.2.
For K > 1/4, the transformation changes and its outcome limits us to consider the homo-
geneous Dirichlet problem for equation (1.2) posed in a bounded domain. In that case, we
are able to apply the transformation and some classical results on equation (1.3) to establish
the large time behavior of solutions to equation (1.2) in a special bounded interval. This is
the subject of Section 4.
Since the correspondence introduced in Section 2 works in both direction, we are also able
to apply it in order to improve on the theory of equation (1.3). More precisely, we show in
Section 5 that solutions to equation (1.3) with density function f(y) = y−γ and γ > 2, with
compactly supported initial conditions inside the half-line (0,∞), present a blow-up of the
interface in finite time, completing thus the results in [4] to different types of initial data.
This means that there exists T ∈ (0,∞) such that the solution θ(y, τ) to equation (1.3)
remains compactly supported for τ ∈ (0, T ) but develops a tail as y →∞ at time τ = T . We
make this precise in Theorem 5.1.
We close the paper with an Appendix where some exact solutions are given and some natural
extensions and open problems are discussed.
2 The transformation
In this section we establish the mapping between solutions to equation (1.2) and equation
(1.3). In order to introduce the transformation in its most abstract and general form, let us
begin with the more general reaction-convection-diffusion equation with nonconstant coeffi-
cients equation (1.1), where a, b : R 7→ R are two continuous functions. If w and v are two
linearly independent solutions to the ordinary differential equation
σxx + a(x)σx + b(x)σ = 0, (2.1)
which is the stationary part of equation (1.1), introducing the Wronskian
W (x) = w(x)v′(x)− w′(x)v(x),
we can write equation (1.1) in the following form
w3
W 2
ut =
w2
W
∂
∂x
(
w2
W
∂
∂x
(
um
w
))
. (2.2)
Setting now
θ(y, t) =
u(x, t)
(w(x))1/m
, y =
v(x)
w(x)
, (2.3)
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we readily notice that
∂
∂y
=
w2
W
∂
∂x
,
whence after straightforward calculations (2.2) writes as equation (1.3) in terms of θ and
independent variables (y, t), with
f(y) =
w(x)(3m+1)/m
W (x)2
, y =
v(x)
w(x)
. (2.4)
The case of constant coefficients and equation (1.2). Let us particularize now the
transformation to the case of constant coefficients a(x) = a 6= 0, b(x) = b > 0. By a standard
rescaling and taking into account the change of variable x 7→ −x for the case a < 0, we are
easily mapped into equation (1.2), that is, the case a = 1, b = K > 0. Thus, for simplicity
we develop our applications for equation (1.2). In this case (2.1) can be solved. Indeed, its
characteristic polynomial is
P (λ) = λ2 + λ+K,
with roots
λ1 =
−1−√1− 4K
2
, λ2 =
−1 +√1− 4K
2
. (2.5)
We split the analysis into three cases, according to the sign of 1− 4K.
Case 1. −∞ < K < 1/4. The two linearly independent solutions and its Wronskian become
w(x) = eλ1x, v(x) = eλ2x, W (x) = (λ2 − λ1)e(λ1+λ2)x.
The change of variables (2.3) writes in this particular case
θ(y, t) =
u(x, t)
eλ1x/m
, y = e(λ2−λ1)x, (2.6)
and we derive from (2.4) that
f(y) =
e(3m+1)λ1x/m
(λ2 − λ1)2e2(λ1+λ2)x
=
1
(λ2 − λ1)2 e
((m+1)λ1−2mλ2)x/m
=
1
(λ2 − λ1)2 y
((m+1)λ1−2mλ2)/m(λ2−λ1).
Making a further change of the time variable by letting τ = (λ2 − λ1)2t, we get
y−γθτ = (θm)yy, γ =
2mλ2 − (m+ 1)λ1
m(λ2 − λ1) =
1
2
[
3m+ 1
m
− m− 1
m
√
1− 4K
]
. (2.7)
Remark 1. We can equate K from the expression of γ in (2.7) to obtain
K =
m(γ − 2)(mγ −m− 1)
(2mγ − (3m+ 1))2 , (2.8)
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hence K ≥ 0 for either γ ∈ (0, (m + 1)/m) or γ > 2. Let us notice first that we get γ = 0
(that is, the standard porous medium equation) for K = 2m(m+1)/(3m+1)2. On the other
hand, the transformation leads to equation (1.2) with K = 0 (that is, without reaction term)
for γ = (m+ 1)/m, which is nothing else that the particular value in dimension N = 1 of the
following critical exponent
m = mc,γ :=
N − 2
N − γ
introduced and studied in [8]. In this case, the transformation (2.6) becomes a transformation
between the nonhomogeneous equation (1.3) with m = mc,γ and (1.2) with K = 0, which
generalizes the well-established transformation for the standard fast diffusion equation with
critical exponent
ut = (u
m)xx, m = mc :=
(N − 2)+
N
established formally by King [18] and used by Galaktionov, Peletier and Va´zquez [5] in their
study of the qualitative properties of the critical fast diffusion. Let us also notice that we
can obtain K = 0 by letting γ = 2. This is another particular case of the transformation
that is already known, and in particular it has been used as a main tool in establishing the
large time behavior for equation (1.3) with f(y) = y−2 in [10].
Remark 2. It may look surprising that we have a correspondence between an autonomous
equation (1.2) and a non-autonomous equation (1.3), as the former is invariant to space
translations while the latter is not. However, using the change of variables (2.6) one can
readily check that the invariance to translations in space for equation (1.2) is mapped into
the following rescaling of equation (1.3)
θ(y, τ) = yα0 θ(yy0, τ), α =
γ − 2
m− 1 . (2.9)
Case 2. K = 1/4. In this case we have λ1 = λ2 = −1/2, hence
w(x) = e−x/2, v(x) = xe−x/2, W (x) = e−x.
The change of variables (2.3) writes in this particular case (in the same independent variables
(x, t))
θ(x, t) = ex/2mu(x, t), (2.10)
thus the nonhomogeneous equation becomes
f(x)θt = (θ
m)xx, f(x) = e
(m−1)x/2m.
Letting furthermore
y = −m− 1
2m
x, τ =
(m− 1)2
4m2
t,
we find our final nonhomogeneous equation in this case
e−yθτ = (θm)yy, (2.11)
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which has been analyzed in [4]. We will come back later to this study and its applications to
equation (1.2)
Case 3. K > 1/4. In this case the roots in (2.5) are complex and become
λ1 =
−1− i√4K − 1
2
, λ2 =
−1 + i√4K − 1
2
,
hence
w(x) = e−x/2 cos
(√
4K − 1
2
x
)
, v(x) = e−x/2 sin
(√
4K − 1
2
x
)
and the Wronskian is given by
W (x) =
√
4K − 1
2
e−x.
The change of variables (2.3) writes in this particular case
θ(y, t) = ex/2m
u(x, t)
cos(
√
4K − 1x/2)1/m , y =
v(x)
w(x)
= tan
(√
4K − 1
2
x
)
, (2.12)
thus we obtain from (2.4) that
f(y) = e(m−1)x/2m
4
4K − 1 cos
(√
4K − 1
2
x
)(3m+1)/m
=
4
4K − 1e
(m−1) arctan(y)/m√4K−1
(
1
(1 + y2)
)(3m+1)/2m
.
(2.13)
Let us notice that in performing the previous change of variables, we have to restrict ourselves
to the bounded domain
x ∈
( −pi√
4K − 1 ,
pi√
4K − 1
)
,
which allows for the new variable y to be well defined. Thus, when K > 1/4, the transfor-
mation loses some information as in this range of K, we have to consider equation (1.2) in a
bounded domain (which shrinks as K increases). However, we arrive to the nonhomogeneous
equation (1.3), with the specific function f(y) given in (2.13), which can be seen as
f(y)θt = (θ
m)yy, f(y) ∼ |y|−(3m+1)/m as |y| → ∞. (2.14)
Remark. It is not just a technical fact that the value K = 1/4 plays such a role in the
analysis of equation (1.2). As also explained in the Introduction, it has been proved in [20]
that traveling waves exist for K < 1/4 (and in particular they are compactly supported for
0 < K < 1/4), but for K ≥ 1/4 they cease to exist.
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3 Blow-up at −∞ for 0 < K ≤ 1/4
As explained in the Introduction, from now on we assume that K > 0 and apply the trans-
formations in Section 2 to the study of the finite time blow-up phenomenon for equation
(1.2). We already know that for K > 0, every nontrivial solution to equation (1.2) blows up
in finite time [25], thus we will focus on how this blow-up occurs, that is, at which points and
with which rate. In the present section, we consider K > 0 sufficiently small, more precisely
0 < K ≤ 1
4
,
corresponding via the transformation (2.6) to the equation (2.7) with −∞ < γ < (m+ 1)/m.
The main result concerning finite time blow-up is the following
Theorem 3.1. Let u be a solution to equation (1.2) with K ∈ (0, 1/4] and such that its initial
condition u0(x) = u(x, 0) is continuous, bounded and has a support of the form suppu0 ⊂
[A,∞) for some A ∈ R. Then the solution u blows up in finite time together with its interface
to the left. Moreover, the blow-up occurs at −∞, that is, u(x, t) remains bounded as t → T
at any point x ∈ R, but there exist curves x(t) such that
lim
t→T
x(t) = −∞, lim
t→T
u(x(t), t) = +∞.
Remark. Compactly supported initial data u0 are included in Theorem 3.1 but the state-
ment is more general.
The proof of Theorem 3.1 is based on the transformation introduced in Section 2 and differs
with respect to the value of K. This is why we divide it into two subsections.
3.1 Proof of Theorem 3.1 for 0 < K < 1/4
We postpone for the moment the limit case K = 1/4 and divide the analysis into three cases.
The particular case K = 2m(m + 1)/(3m + 1)2. As we saw, this corresponds to γ = 0,
that is, (2.7) becomes the standard porous medium equation
θτ = (θ
m)yy. (3.1)
Let us recall that the transformation in this particular case has been noticed before in [2]. We
begin with an explicit example which shows neatly how finite time blow-up of both interfaces
and functions takes place. Let
BC,y0(y, τ) = τ
−1/(m+1)
(
C − k (y − y0)
2
τ2/(m+1)
)1/(m−1)
+
(3.2)
be a translated Barenblatt solution to (3.1) [26]. This solution has a left-interface at y = 0
exactly for
τ0 =
(
ky20
C
)(m+1)/2
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and suppBC,y0 ⊂ (0,∞) for τ ∈ (0, τ0). For τ = τ0, the behavior near the interface of BC,y0
is given by
BC,y0(y, τ0) = C
1/(m−1)
(
y(2y0 − y)
y20
)1/(m−1)
∼ (2C)1/(m−1)
(
y
y0
)1/(m−1)
. (3.3)
Coming back to equation (1.2) by (2.6), we find an explicit solution uB,0(x, t) to equation
(1.2) whose exact expression is given by (6.1) in the Appendix. It is compactly supported
for
0 < t < T :=
1
(λ2 − λ1)2 τ0,
while its interface blows up to the left in finite time at t = T since x = log y/(λ2−λ1)→ −∞
as y → 0. Moreover, as τ → τ0, that is, t→ T , we have
uB,0(x, t) = e
λ1x/mθ(y, τ) ∼ Keλ1x/my1/(m−1)
= K exp
[(
λ2 − λ1
m− 1 +
λ1
m
)
x
]
and since
λ2 − λ1
m− 1 +
λ1
m
= − 1
3m+ 1
< 0,
we obtain that the solution uB,0 to (1.2) is compactly supported for 0 ≤ t < T and both its
interface and the function itself blow up in finite time at t = T in the limit x → −∞. We
plot in Figure 1 in parallel the two explicit solutions BC,y0 and uB,0 at different moments
of time to show how the approaching and then focusing as y → 0, respectively blow-up as
x→ −∞ produce.
0
0.5
1
1.5
2
0 2 4 6 8 10 12
(a) Explicit solution to equation (1.3)
0
0.5
1
1.5
2
-15 -10 -5 0 5 10 15
(b) Explicit solution to equation (1.2)
Figure 1: Explicit solutions presenting focusing as y → 0, respectively finite time blow-up as
x→ −∞. Experiment for m = 3, C = 1, y0 = 5.
9
The above phenomenon is in fact general. Let θ be a solution to (3.1) with compactly
supported initial condition θ0 such that supp θ0 ⊂ (0,∞). An easy consequence of [26,
Theorem 15.24, Section 15.5] shows that (after a possible waiting time), θ behaves in a small
inner neighborhood of the interface point (to the left) with the same rate as in (3.3). Thus,
the solution u(x, t) transforming into θ by (2.6) is compactly supported for 0 < t < T (where
T comes from the time required for the left interface of θ to ”fill the hole” and reach the
origin) and blows up in finite time, together with its interface, at t = T and x→ −∞.
Case 2. 0 < K < 2m(m + 1)/(3m + 1)2. According to (2.6) and Remark 2 in Section 2,
this range corresponds to equation (2.7) with γ ∈ (0, (m + 1)/m). For this range of γ, we
furthermore use the transformation in [8, Section 2.1, Case 2] which writes
θ(y, τ) = y1/mw(yµ, µ2τ), µ =
(1− γ)m+ 1
2m
> 0, (3.4)
which maps (2.7) into the standard porous medium equation in radial variable
ws = (w
m)rr +
N − 1
r
(wm)r, r = y
µ, s = µ2τ, N = 2 +
1
µ
. (3.5)
For any solution w to (3.5) with radially symmetric initial condition w0 such that suppw0 ⊆
B(0, r2) \ B(0, r1) for some r1 < r2, it is well known that the solution w(r, s) converges
asymptotically, according to [26, Proposition 19.13, Chapter 19], to the self-similar focusing
profile introduced by Aronson and Graveleau [1] (see also [26, Section 19.2]). In particular,
for any s > 0 there exist r1(s) < r2(s) such that suppw(s) ⊆ B(0, r2(s)) \ B(0, r1(s)) and
there exists s0 > 0 such that r1(s0) = 0. It is also known that when s → s0, the interface
behavior is given by
w(r, s) ∼ r(2β∗−1)/(m−1)β∗ , (3.6)
where β∗ ∈ (1/2, 1) is the self-similar anomalous focusing exponent [26, Section 19.2, p. 459].
Combining (3.4) and (3.6) and taking into account that µ > 0, we find that the solution θ to
(2.7) has a left interface at y = 0 for τ = τ0 = s0/µ
2 and near the interface, (3.4) gives the
local behavior
θ(y, τ) ∼ y1/my(2β∗−1)µ/(m−1)β∗ = yφ(γ,β∗), (3.7)
with
φ(γ, β∗) =
1
m
+
(2β∗ − 1)(m+ 1−mγ)
2m(m− 1)β∗ .
Passing now to (1.2) through the transformation (2.6), we find that there exists
T =
τ0
(λ2 − λ1)2
such that u(x, t) is compactly supported for 0 ≤ t < T and its interface blows up to the left
as t→ T . We furthermore infer from (3.7) and (2.6) that
u(x, t) ∼ eλ1x/myφ(γ,β∗) ∼ exp
[(
λ1
m
x+ (λ2 − λ1)φ(γ, β∗)
)
x
]
.
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Let us notice first that, since 1/2 < β∗ < 1, we have 0 < (2β∗ − 1)/β∗ < 1. Recalling also
the values of λ1 and λ2 from (2.5) and the formula for K with respect to m and γ in (2.8),
we have √
1− 4K = m− 1|2mγ − (3m+ 1)| =
m− 1
3m+ 1− 2mγ ,
and we further obtain
λ1
m
+ (λ2 − λ1)φ(γ, β∗) = λ1
m
+
λ2 − λ1
m
+
(λ2 − λ1)(2β∗ − 1)(m+ 1−mγ)
2m(m− 1)β∗
≤ λ2
m
+
(λ2 − λ1)(m+ 1−mγ)
2m(m− 1)
=
1
m
[
−1
2
+
√
1− 4K
2
+
(m+ 1−mγ)√1− 4K
2(m− 1)
]
=
mγ − (m+ 1)
3m+ 1− 2mγ < 0,
recalling that 0 < γ < m+1m . It follows that the solution u blows up in finite time at t = T
and at x = −∞, similarly to Case 1.
Case 3. 2m(m + 1)/(3m + 1)2 < K < 1/4. According to (2.6) and Remark 2 in Section
2, this range corresponds to equation (2.7) with γ ∈ (−∞, 0). In such case, the nonhomo-
geneous equation (2.7) has not been deeply studied, but a simple inspection shows that the
transformation (3.4) above, which maps (2.7) into the standard porous medium equation in
radial variable (3.5), works similarly as in Case 2. Thus, we can again start from the radial
porous medium equation (3.5) and repeat the proof in Case 2 above to show that finite time
blow-up (both of the interface and of the solution itself) occurs as x→ −∞.
3.2 Proof of Theorem 3.1 when K = 1/4
In this part we deal with equation (1.2) with K = 1/4. As explained in the Introduction, this
number also appears as a limit for the existence of the traveling waves in [20], thus it seems
to be a critical coefficient for the equation. Recall that in this case, the change of variable
(2.10) maps solutions to equation (1.2) into solutions to the nonhomogeneous equation with
exponential density (2.11). Our starting point will be in this case the study of equation (2.11)
performed in [4, Section 4]. According to it, equation (2.11) has solutions of the form
θ(y, τ) = (T − τ)γf(η), η = y + λ ln (T − τ), γ = λ− 1
m− 1 > 0, (3.8)
with λ > 1 and presenting blow-up of the interface at τ = T . The profiles f(η) satisfy one of
the following two behaviors as η → −∞:
f(η) ∼ exp
(
− λ− 1
(m− 1)λη
)
, as η → −∞, (3.9)
or
f(η) ∼
(
m− 1
m2
)1/(m−1)
e−η/(m−1), as η → −∞. (3.10)
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Moreover, it is proved in [4] that there exists a unique λ ∈ (1, 2) such that there exists a
unique profile with behavior as in (3.9), for that particular (unique) value of λ, having an
interface to the right. We transform these profiles to solutions to equation (1.2) by using
(2.10) to get
u(x, t) =
(
m− 1
2m
)2γ
(T − t)γe−x/2mf
(
−m− 1
m
x+ 2λ ln
m− 1
2m
+ λ ln(T − t)
)
, (3.11)
where T = 4m2T/(m − 1)2. Let us notice that the limit process η → −∞ changes into
x → +∞ and that an interface to the right for the solution θ to equation (2.11) is mapped
into an interface to the left for the solution u to equation (1.2) given by (3.11). We divide
the rest of our analysis into two cases according to the behaviors in (3.9) and (3.10).
Case 1. If we start from the unique profile f(η) with behavior as in (3.9), we obtain that
as x→∞
u(x, t) ∼ C(T − t)γ exp
[
− x
2m
− λ− 1
λ(m− 1)
(
−m− 1
m
x+ C + λ ln(T − t)
)]
= C(T − t)γ(T − t)−(λ−1)/(m−1) exp
[
− x
2m
+
λ− 1
mλ
x
]
= C exp
[
(λ− 2)x
2mλ
]
→ 0,
where we recall that 1 < λ < 2 and by definition γ = (λ − 1)/(m − 1), and we denote by
C > 0 a generic constant. We thus find that the solution u has an exponentially decreasing
tail as x → +∞. At the other end, we know that u(x, t) present an interface to the left at
some point
x0 = −m− 1
m
x+ C + λ ln(T − t),
thus
x =
mλ
m− 1 ln(T − t)−
m
m− 1(x0 + C)→ −∞, as t→ T ,
which proves the finite time blow-up of the interface. Due to the compensation of the terms
in (T − t) in the calculation above, we also remark that for any x ∈ R fixed, u(x, t) remains
bounded for any t > 0. We prove next that the solution u blows up in finite time (at t = T )
as x→ −∞. To this end, let us consider the self-similar directon of the profile f(η), that is,
when η = C constant, meaning
x =
mλ
m− 1 ln(T − t)− C
and
u(x, t) ∼ C(T − t)γe−x/2m = C(T − t)γ−λ/2(m−1)
= C(T − t)(λ−2)/2(m−1),
(3.12)
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which blows up as t → T , since λ < 2. The latter does not only prove the finite time
blow-up, but also shows that the blow-up rate is equal or faster than the rate given by
(T − t)(λ−2)/2(m−1).
Case 2. If we start from a profile f(η) with behavior as in (3.10), we obtain that as x→∞
u(x, t) ∼ C(T − t)γ exp
[
− x
2m
− 1
m− 1
(
−m− 1
m
x+ C + λ ln(T − t)
)]
= Cex/2m(T − t)−1/(m−1),
thus we find solutions such that u(x, t)→∞ as x→∞ and that blow up globally at t = T .
These solutions have an interface to the left that also blows up at t = T .
Using the large time behavior for any compactly supported solution to (2.11) [4, Theorem 3]
together with the transformation (2.10), we readily deduce that any general solution u(x, t)
to equation (1.2) with K = 1/4 with compactly supported initial condition blows up in finite
time as x → −∞ exactly in the same way as described in Case 1 above, that is, with a
blow-up rate equal or faster than the rate given by (T − t)(λ−2)/2(m−1). This ends the proof
of Theorem 3.1.
4 Case K > 1/4. Large time behavior for a homogeneous
Dirichlet problem
For K > 1/4, we recall that through the transformation (2.12), we arrive to a nonhomo-
geneous equation of the form (2.14) with the density function given by the more involved
formula (with respect to the previous cases) (2.13). In particular, we have to restrict ourselves
to working in the bounded interval
x ∈
[
− pi√
4K − 1 ,
pi√
4K − 1
]
. (4.1)
It is established in [4, Theorems 1 and 2] that any solution to equation (2.14) with compactly
supported initial condition θ0(y) = θ(y, 0) presents finite time blow-up of the interface at some
time t = T ∈ (0,∞) and then can be continued for t > T with the property lim
|y|→∞
θ(y, t) = 0
for any t > T . Using our transformation (2.12) we find
u(x, t) = e−x/2m cos
(√
4K − 1
2
x
)1/m
θ(y, t)→ 0, as x→ ± pi√
4K − 1 , (4.2)
for any t > 0. Thus, in the case K > 1/4 our transformation gives information about the
solutions to the homogeneous Dirichlet problem posed in the bounded interval (4.1). Since
the density function satisfies
f(y) ∼ |y|−(3m+1)/m, as |y| → ∞,
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it follows that f ∈ L1(R), thus it is well known that equation (2.14) satisfies the property
of isothermalization [14]: for any solution θ with a compactly supported initial condition
θ0(y) = θ(y, 0), y ∈ R, letting
θ =
[∫ ∞
−∞
f(y) dy
]−1 ∫ ∞
−∞
θ0(y)f(y) dy, (4.3)
then it is proved in [14, Theorem 1] that θ(y, t)→ θ as t→∞, with uniform convergence in
compact sets. We may thus conclude from (4.3) and (4.2) that
lim
t→∞u(x, t) = e
−x/2m cos
(√
4K − 1
2
x
)1/m
θ, (4.4)
for any solution u to the homogeneous Dirichlet problem for equation (1.2) in the interval
(4.1), with initial condition u0 such that
suppu0 ⊂
(
− pi√
4K − 1 ,
pi√
4K − 1
)
and uniform convergence over compact sets inside the interval (4.1).
Remark. The large time behavior given in (4.4) extends the convergence result established
for equations without convection terms in [24, Remark, Section 7.2, p. 436]. In the latter
case the limit profile is symmetrical, while in our case the effect of the convection term brings
the presence of the factor e−x/2m breaking the symmetry of the limit function.
5 An application for the nonhomogeneous porous medium
equation
In the previous sections of the paper, we have exploited the transformation introduced in
Section 2 and the general knowledge related to equation (1.3) with the corresponding density
functions in order to obtain new results on the solutions to equation (1.2). But the transfor-
mation works in both directions, and in the current section we apply it in order to complete
the theory of the nonhomogeneous porous medium equation equation (1.3). More precisely,
we prove the following result.
Theorem 5.1. Let θ be a solution to equation (1.3) posed for y ∈ (0,∞) with density
f(y) = y−γ, with γ > 2 and such that its initial condition
θ0(y) = θ(y, 0), y ∈ [0,∞)
is continuous and compactly supported in (0,∞). Then the interface blows up in finite time
to the right: there exists T > 0 such that supp θ(y, τ) is compact in (0,∞) for any τ ∈ (0, T )
but there exists R > 0 such that θ(y, T ) > 0 for any y > R.
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Proof. This is now an easy consequence of the previous sections. Let us start from equation
(1.2) with K ∈ (0, 1/4). Using the results in Section 3.1 and making the change of variable
x 7→ −x, we readily get that if u is a solution to
ut = (u
m)xx − (um)x +Kum, 0 < K < 1/4, (5.1)
such that suppu0(x) is compact, then there exists T ∈ (0,∞) such that u blows up at t = T
as x → ∞ (both the function and its interface). We then notice that we can use the same
transformation in Section 2 to reach equation (1.3) with f(y) = y−γ , where
γ =
1
2
(
3m+ 1
m
+
m− 1
m
√
1− 4K
)
.
We thus infer that (with m > 1 fixed) the range K ∈ (0, 1/4) is mapped into γ ∈ (2,∞)
and a compactly supported initial condition u0 to equation (5.1) (and also to equation (1.2))
is mapped into an initial condition θ0 to equation (1.3) with compact support included in
the open interval (0,∞). The blow-up of the interface for solutions to (5.1) leads to the
conclusion.
Remark. Comparing equation (1.3) with f(y) = y−γ with on the one hand γ ∈ (0, 2) and on
the other hand γ > 2, we notice that if we start at τ = 0 with an initial condition θ0(y) with
compact support inside the open interval (0,∞), for γ ∈ (0, 2) we have finite time focusing
(that is, the interface to the left reaches the origin in finite time), while for γ ∈ (2,∞) we
have finite time interface blow-up (that is, the interface to the right reaches +∞ in finite
time). This is a kind of ”symmetry” with respect to y = 1 that can be better understood by
using the self-maps introduced in [8].
6 Appendix. Some explicit solutions, extensions and open
problems.
In this final section we gather some facts related to our two equations and the mapping
between their solutions, such as some explicit solutions, some extensions of the transformation
and a few open questions.
Some explicit solutions to equation (1.2). We start with the translated Barenblatt-type
solution to the standard porous medium equation
BC,y0(y, τ) = τ
−1/(m+1)
[
C − k (y − y0)
2
τ2/(m+1)
)
]1/(m−1)
+
, k =
m− 1
2m(m+ 1)
,
which is supported in a compact interval centered on y0 > 0. Applying the change of variable
(2.6) for γ = 0 and the particular case K = 2m(m+ 1)/(3m+ 1)2 and letting
x0 =
1
λ2 − λ1 ln y0, λ = λ2 − λ1
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where λ1, λ2 are as in (2.5), we obtain the following explicit solution to equation (1.2) with
K = 2m(m+ 1)/(3m+ 1)2:
uB,0(x, t) = λ
−2/(m+1)t−1/(m+1)eλ1x/m
[
C − k
(
eλx − eλx0
t1/(m+1)λ2/(m+1)
)2]1/(m−1)
+
, (6.1)
which is compactly supported for small times t > 0. We thus notice that the solution uB,0
blows up as x→ −∞ together with its interface and its blow-up time is given by
T 1/(m+1) =
eλx0
λ2/(m+1)
√
C/k
.
For γ > 0, there exist the explicit Barenblatt-type solutions to equation (1.3) with f(y) =
y−γ and −∞ < γ < (m+ 1)/m, which write [12, 8]
Bγ(y, τ) = τ
−α
[
C − k
( y
τβ
)2−γ]1/(m−1)
+
, (6.2)
where C > 0 is a free constant and
α =
1− γ
m+ 1−mγ , β =
1
m+ 1−mγ , k =
m− 1
m(2− γ)(m+ 1−mγ) . (6.3)
Notice that these solutions cannot be translated (as we did above for γ = 0) since the equation
equation (1.3) is no longer invariant to translations. Applying the change of variable (2.6) to
(6.2) and letting again λ = λ2 − λ1 we find after straightforward calculations the following
explicit solution to equation (1.2) with K ∈ (0, 1/4)
uB(x, t) = λ
−2αt−αeλ1x/m
[
C − k
(
eλx
tβλ2β
)2−γ]1/(m−1)
+
, (6.4)
where α, β, γ are given by (6.3) and λ1, λ2 are given by (2.5). This explicit solution (for any
fixed C > 0) has an interface to the right at any time t > 0 and satisfies
lim
x→−∞uB(x, t) = +∞, for any t > 0.
This is why this family of solutions does not enter in the framework of Theorem 3.1: they
have no interface to the left and moreover, they are already ”blown up” from the beginning at
−∞. However, these solutions can be used for comparison from above to give an alternative
proof of the fact that solutions to equation (1.2) as in the statement of Theorem 3.1 remain
bounded forever at any fixed point x ∈ R.
Another interesting explicit solution to (1.3) for f(y) = y−γ and −∞ < γ < (m + 1)/m is
the dipole-type solution given by [13, 8]
Zγ(y, τ) = τ
−(m+1−mγ)/m2(2−γ)y1/m
[
C − k
( y
τ1/m(2−γ)
)(m+1−mγ)/m]1/(m−1)
+
(6.5)
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where C > 0 is a free constant and k is given in (6.3). Applying the change of variable (2.6)
to (6.5), we find after straightforward calculations the following explicit solution to equation
(1.2) with K ∈ (0, 1/4)
uZ(x, t) = λ
−2νt−νeλ2x/m
[
C − k
(
eλx
t1/ωλ2/ω
)(m+1−mγ)/m]1/(m−1)
+
, (6.6)
where ν = (m+ 1−mγ)/m(2−γ) > 0, ω = m(2−γ), λ = λ2−λ1 and again λ1, λ2 are given
by (2.5). Since for K ∈ (0, 1/4) we have λ2 < 0, this family of solutions has similar properties
as the previous family obtained from the Barenblatt solutions: they have an interface to the
right and
lim
x→−∞uZ(x, t) = +∞, for any t > 0.
An extension of the transformation. Our transformation in Section 2 can be still ex-
tended to a slightly more general class of equations, namely
ws = (w
m)xx + a(x)(w
m)x + b(x)w
m + c(s)w, (x, s) ∈ R× (0,∞). (6.7)
Indeed, a solution w to equation (6.7) can be mapped onto a solution u to equation (1.1) by
the following mapping
w(x, s) = f(s)u(x, t), t = g(s),
where f , g are obtained as solutions to the differential equations f ′(s) = c(s)f(s) and g′(s) =
fm−1(s). Joining this change of variable with the transformation in Section 2, we can also
transform solutions to equation (6.7).
Some open questions. As we have seen, the transformation in Section 2 has a serious
technical limitation for K > 1/4, where it is unable to map solutions whose support is not
included inside the compact interval (4.1). Thus, it is a natural open question to ask whether
blow-up in finite time for solutions to equation (1.2) occurs in the same way as described
in Theorem 3.1. We already know that on the one hand finite time blow-up must occur as
proved in [25] for any coefficient K > 0, but on the other hand it seems that K = 1/4 is not
just a technical limitation but a critical coefficient for equation (1.2), as also establised in
[20]. Thus, it would be interesting to study closely the blow-up phenomenon for solutions to
equation (1.2) also when K > 1/4. Moreover, another natural open question is to extend the
results to more general reaction-convection-diffusion with exponents different from m, that
is
ut = (u
m)xx + (u
q)x +Ku
p,
for different values of m, q and p. In such cases it appears that there is no transformation
mapping it onto another (better studied) equation, but at least for the range of exponents
q > m− 1, max{m, q} ≤ p < min{m+ 2, q + 1}
for which it is proved in [25] that all the solutions blow up in finite time, one might expect
that the result of Theorem 3.1 still holds true, as there is no particular reason for a change in
the way how blow-up occurs. Techniques directly related to equation (1.2) should be used.
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